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Abstract  

Linear programming is used t o  t r e a t  t h e  combined blending and pro- 

duction probl-em. The production problem i s  se t  up i n  such a way t h a t  it 

includes nearly all t h e  operations such as d i s t i l l a t i o n ,  ex t rac t ion ,  and 

even react ion i n  a processing industry.  Since these operations are usual ly  

nonlinear it i s  necessary t o  l i n e a r i z e  them fo r  l i n e a r  programming. T h i s  

is done by choosing a s e t  of t y p i c a l  operating points .  

be made a r b i t r a r i l y  c lose t o  t h e  optimum by repeatedly solving the  problem 

wLth e f f e r e n t  sets of t y p i c a l  operating points .  A simple example is  used 

t o  i l l u s t r a t e  t h e  approach and t h e  technique i s  compared with other  l inear i -  

The solut ion can 

zat ion techniques. 
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Introduction 

Linear programming has proven t o  be one of the  most v e r s a t i l e  and 

p r a c t i c a l  techniques f o r  solving la rge  complex l i nea r  optimization prob- 

lems fl]. One of the  t r a d i t i o n a l  applications of t h i s  technique i s  the  

blending problem. In t h i s  problem the  objective i s  t o  determine the  

least cost  or  most prof i tab le  blend from the  i n f i n i t e  number of possible 

blends which s a t i s f i e s  a given number of r e s t r i c t i o n s  and specificertions. 

The problem of gasoline blending is a wel l  publicized example {l-31. The 

d e i r y  industry has the  same type of problem i n  t h e i r  feed blending problems. 

h o t h e r  example i s  the  t e x t i l e  industry.  For instance the  raw cotton or 

synthet ic  mater ia l  used i n  the  i n i t i a l  yarn blend may come from a number 

of sources. These have t o  be blended together considering their  respective 

q u a l i t i e s  t o  come up with a uniform blend t h a t  can be e f f i c i e n t l y  processed 

through the production f a c i l i t i e s  and y i e ld  an uniform yarn. 

fac turers  of f in i shed  p l a s t i c  products such as p l a s t i c  cups have the  same 

blending problem. 

The manu- 

Another frequent application of l i n e a r  programming is t o  the problem 

of production control.  

products each competing f o r  l imi ted  amounts of rav mater ia l  and p lan t  

In t h i s  problem there  i s  a var ie ty  of d i f f e ren t  

capaci t ies .  

t h a t  should be produced which w i l l  maximize the  overa l l  p r o f i t  and b e s t  

utilize the  avai lable  resources. 

The objective is  t o  f i n d  the optimal combination of products 

In some problems where the  process cannot 

be expressed by l i n e a r  re la t ionships ,  l i n e a r  approximations a re  made and 

good" answers can s t i l l  be obtained by using l i n e a r  programming. An I1 

Example i n  production control is  t h e  optimization of re f inery  operations 

by l i n e a r  programming [3-51. 

I n  some s i tua t ions  we a re  faced with both production control  and blending 

within the same problem. For exariple the  s i t ua t ion  may occur where the  
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east cost blend may be very expensive Lo process whereas a more expensive 

blend m a y  be processed cheapter r e su l t i ng  i n  more overall p r o f i t .  

this problem t o  which t h i s  discussion i s  addressed, 

this paper i s  to develop a generalized l i n e a r  programming model of the 

combined blending and production problem. 

It is 

Thus t h e  purpose of 

Since some of these processes 

have nonlinear re la t ionships ,  it is a l s o  i l l u s t r a t e d  how these relat ionship 

cs~n be incoqora t ed  i n t o  a l i n e a r  programming model. This generwliza'tion i s  

applicable t o  a va r i e ty  of processes. 
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Linear Programming 
I_ 

To i l l u s t r a t e  the  essence of t he  l i nea r  programming technique, l e t  

us consider a simple two-dimensional production problem. A plant can 

produce two products, P and P2. Because of market conditions only a 1 
m a x i m u m  of P 

at least  150 u n i t s  of P must be produced. 

500 un i t s  of PI and P2. That i s  the  combination of P1 and P2 must not 

exceed 500. 

The problem is t o  determine the  combination of P 

the  p r o f i t  and which does not v io l a t e  any constraints .  

= 350 and P2 = 300 can be sold. From a p r io r  commitment, 1 
The capacity of the  plant  is 1 

The p r o f i t  from P i s  $1.00 and the  p r o f i t  from P2 i s  $2.00. 

1 2 

1 
and P which maximizes 

%'he constraints  can be represented by the  following equations: 

L < 350 pa 
p1 

e 300 p2 - .  

p1 + p2 I 500 

- 150 

where t h e  first two equations represent t he  upper and lower I: -eduction 

limits on P 

The last  equation represents the  p lan t  capacity. 

t o  be maximized i s  

and the  t h i r d  equation represents the upper l i m i t  on P2. 

The p r o f i t  function 

1 

2 ='P1 + 2P2 

where z i s  the  p r o f i t  i n  do l la rs .  

The solut ion of t h i s  l i n e a r  programming problem is  i l l u s t r a t e d  i n  

Figure 1. 

of the  inequal i ty  constraints  are s a t i s f i e d .  

The shaded area represents t he  f eas ib l e  region where a l l  four  

The optimal solut ion is  

PI= 200, P2 = 300, z = $800 
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As can be seen from Figure 1, one important property of the  l i n e a r  

programming problem i s  t h a t  t h e  optimal so lu t ion  must l i e  i n  at least one 

b h n s  of the  constraints .  Thus, of t he  extreme poin ts  which are -- /iM$eEecAb hs 
h 

t h e  optimum of an l i n e a r  programming problem can be obtained by searching 

t h e  extreme points  only. The simplex method [l] i s  essential1.y a systematic- 

way f o r  searching the  extreme points  f o r  la rge  l i n e a r  programming problems. 

By the use of t h i s  systematic search technique, extremely la rge  problems 

w i t h  severa l  thousands var iables  can be solved w i t h  current computers and 

computer program packages t h a t  are avai lable  for solving l i n e a r  programming 

problems. 
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The Blending an& Production ProbLeni 

anagers a re  constantly fc.ced w i t h  t h e  problem of blending raw materials  

md determining how t o  control  t h e  plant  so  t h a t  the  overa l l  p r o f i t  i s  

maxidzed and t'ne product meets the  required spec i f ica t ions .  More spec i f ica l ly  

some of the decisions which must be made are: 

1. What quant i t ies  of the  l imited raw materials  should be put i n t o  'the 

blenil? 

2. A t  which mode of operations should the  p lan t  be operated considering 

the capac i t ies ,  recycle and the  mater ia l  loss  or gain from the process? 

3. How should questions 1. and 2. be answered so t h a t  the  overaJ.1 p r o f i t  is 

maximized and the  product meets i t s  spec i f ica t ions .  

I n  developing a l i n e a r  programming model it i s  necessary t o  deternine 

which a re  the  important var iables  t h a t  must be considered. 

var iables  depend on which pa rme te r s  can be control led and t h e i r  importance 

r e l a t i v e  t o  p r o f i t .  

Usually these 

For the  purpose of i l l u s t r a t i o n ,  8 simple problem is  solved i n  t h e  

next sect ion.  The process considered i n  t h i s  example incorporates recycle ,  

and the  changes i n  the  qua l i t i e s  and quant i t ies  of t h e  r a w  mater ia l  due t o  

processing. Th i s  simple model can be extended eas i ly  t o  include more complex 

production processes such as chemical react ion and separation processes. 



To i l l u s t r a t e  t h i s  approach, a simple but  cer ta in ly  not t r i v i a l  example 

w i l l  be iliscussed. 

charac te r i s t ics  of a processing industry and can be extended eas i ly  t o  cover 

other  s i tua t ions  which occur i n  a var ie ty  of processes. 

It w i l l  be seen t h a t  t h i s  example possesses most of t he  

and R a re  t o  be blended and processed i n t o  
1’ R2’ 3’ Three r a w  mater ia ls  R 

a f in i shed  product. 

a r e  th ree  d i f f e ren t  grades of p l a s t i c  powder. These d i f fe ren t  grades of 

I n  t h i s  problem we assume t h a t  the  three  r a w  materials 

p l a s t i c  r a w  mater ia l  a re  t o  be blended and molded i n t o  a f inished product 

orhich must possess two propert ies  o r  qua l i t i e s .  Quality 1 i s  a desirable  

property and qua l i ty  2 i s  undesirable. 

a b i l i t y  t o  withstand heat and qua l i ty  2 may be em undesirable odor. 

f inished product. must possess a t  least 220 u n i t s  of qua l i ty  1 and not  more 

For example, qua l i ty  1 may be t h e  

The 

than 110 un i t s  of qua l i ty  2. There i s  a market f o r  a l l  the product produced 

at $O.bO/lb. The qua l i t i e s  of the  three  grades r a w  mater ia l  together wi th  

t h e i r  costs  a r e  l i s t e d  i n  Table 1. 

The three r a w  materials are blended f irst  (see Figure 2). The r e su l t i ng  

blend i s  then processed i n  a processing un i t  where t h e  operating range is 

known. 

operating range, processing of the  blend may increase o r  decrease the 

q u a l i t i e s  and quant i t ies  of the  o r ig ina l  r a w  material .  

per pound of mater ia l  processed a l so  depends on the  operating condition used. 

Depending upon the pa r t i cu la r  operating conditions used within t h i s  

The operating cost  

Since there  is  only one piece of equipment avai lable  f o r  processing and 

also since a change i n  the  operating condition i s  t i m e  consuming and im-  

p r a c t i c a l ,  w e  shall  assume t h a t  a11 the raw mater ia ls  must be processed 

under the  same operating condition. 

amounts of the d i f f e ren t  grades of raw materials t o  blend and- to  se l ec t  

The problem i s  t o  s e l e c t  the proper 

the  operating condition s o  t h a t  t he  p r o f i t  is  maximized. 



n. general ,  t h e  increase or  decrease i n  t h e  q u a l i t i e s  md quant i t ies  

of t h e  rav mater ia l  and the  processing cost  depend upon the  operating con- 

d i t i ons  rronPinearly. 

operating condition. 

It is noti a simple matter t o  s e l e c t  t he  proper 

To avoid t h i s  d i f f i c u l t y ,  th ree  t y p i c a l  operating con- 

S2, and S are selected.  For example, S may be d i t i ons  or se t t i ngs  SI, 

the  lower l i m i t  of t he  operating range, and S 

3 a 
t h e  upper l i m i t *  The processing 3 

costs and the  changes i n  q u a l i t i e s  and quan t i t i e s  of the  o r ig ina l  r a w  
k 

materid.  under the  three  typ ica l  s e t t i ngs  and l i s t e d  i n  Table 2. If t h e  

so lu t ion  r e s u l t s  i n  a s p l i t  between two s e t t i n g s ,  t h a t  is  p a r t  of t h e  

mater ia l  i s  processed a t  one operating condition and the  other  pa r t  is  

processed at a d i f f e ren t  one, t he  problem i s  rerun with addi t ional  s e t t i ngs  

u n t i l  d l  the  mater ia l  i s  processed under one opersting condition. 

Because of diTferent recycle r a t e s  o r  d i f f e ren t  processing times f o r  the  

d i f f e ren t  s e t t i ngs  the  capacity of t he  u n i t  i s  d i f f e ren t  f o r  each of t h e  

se t t ings .  Th i s  change i n  capacity i s  l i s ted  i n  the  last row of Table 2 

under t h e  heading "recycle". 

of 100 lbs./hour. 

would be i n  pounds per  batch. 

for s e t t i n g  1 and 100/0.92 lbs./hour for  s e t t i n g  3.  

I f  s e t t i n g  2 is used, the  u n i t  has a capacity 

If the  u n i t  were operated on a batch bas i s ,  the  capacity 

The un i t  has a capacity of 100/1.1 lbs./hour 

The problem i s  t o  determine t h e  proper combination of r a w  materials 

and s e t t i n g  so t h a t  t he  following p r o f i t  equation i s  maximized. 

= O.4Op - 0 . 3 1 ~  - 0.28~~ - 0 . 3 5 ~ ~  1 

x and 3 are t h e  mount of "as 2' where p is t he  t o t a l  product, lbs. /hr. ;  

r a w  materials R R2, end R used, respect ively,  lbs. /hr. ;  y19 y2, and y3 1' 3 
S2, and' S respect ively,  l b s  . /hr j and 

1' 3 
a r e  the  mater ia l  processed i n  S 

z is  the  p r o f i t  i n  dollars/hour. 
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Since the  f in i shed  product must possess the  required q u a l i t i e s ,  t he  

ollowing constraints  must be s a t i s f i e d  

22Ox + 200x2 + 245x - 
I 3 - q3. 

where q 

lbs-units/hr.  

a d  q2 me q u a l i t i e s  1 and 2 of t he  t o t a l  raw mater ia l ,  respect ively,  1 
The coef f ic ien ts  of 0.9 for  the  q's i n  Equations ( 4 )  and ( 5 )  

are used t o  take care of the  loss i n  the amount of raw mater ia l  due t o  

processing. Equations (2)  and (3 )  represent the  t o t a l  q u a l i t i e s  of the 

raw materials used. 

t he  two qua l i t i e s  on the  f inished product. 

Equations ( 4 )  and (5) represent t he  requirement of 

Material balances of the  r a w  material  i n  t h e  blending u n i t ,  t he  

material between t h e  blend and the  processing un i t s ,  and t h e  mater ia l  i n  

t he  processing u n i t  give 

x + x 2 + x  = x  (6) .I 3 

91 + Y2 + Y3 = P 
/ 

where X represents t he  t o t a l  amount of r a w  mater ia ls  used, lbs/hr .  

Final ly ,  t he  amount of material processed must not exceed the ccpacity 

of the  processing un i t  

l.lyI + 1 . 0 ~ ~  + 0 . 9 2 ~ ~  5 1QQ ( 9 )  

The problem i s  t o  f ind  t h e  values of p ,  x's , and y ' s  so t h a t  Equation 

(1) is maximized subject  t o  the  constraints  of Equation (2)  through (9) .  

Since a l l  these equations a re  l i n e a r ,  t h i s  problem can be solved e a s i l y  by 

the  simplex algorithm. The i n i t i a l  tableau of the linear programming model 



for this problem is i l l u s t r a t ed  in Table. 3. 

example is z = 31.04 doliars/hr.  

1 

The maximum profi t  for this 

The other results are 

x = 108.69565 Ibs,/fir 

x = 0.0 
2 

X =. 12.07729 lbs./hr 3 

Y1= Y2 = 0 

P = Y3 = 108.69565 l b s  . /hr. 
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Generalizations 

The problem solved i n  t h e  previous sect ion can be generalized i n  

various ways, 

d i f f e ren t  qua l i t i e s  may be produced from the  same rav materials.  

product e m  again be produced by the  use of d i f fe ren t  operating conditions. 

Instead of ofze f inished product, two or more products K i t h  

Each 

There are  roughly three d i f fe ren t  c lasses  of operations i n  the  processing 

industry.  

namely, t he  processing of rav p l a s t i c  mzterial i n t o  f inished product. 

Another general c l a s s  of operation i s  the  separation operations such as 

d i s t i l l a t i o n  and extraction. 

chemical reaction. 

sect ion can be used t o  consider any of these operations. 

is t h a t  instead of one product, several  products may be produced. 

The simplest one i s  t h e  one considered i n  t he  previous sect ion,  

The most complex c l a s s  of operations i s  

The l i nea r  programming model t r ea t ed  i n  the  previous 

Tne only difference 

Further- 

more, some of the  raw materials i n  the  feed may d i s q p e a r  i n  the  product 

due t o  chemical react ion.  

which would include separation and reaction would be more complex bu t ,  

Thus , the  general l i n e a r  programing model 

could s t i l l  be solved by l i n e a r  programming. 

t h i s  general  model would not and cannot include the  de ta i led  react ion OF 

It should be emphasized t h a t  

separation process due t o  the  nonl inear i ty  re la t ionships .  Only the  more 

general aspects of t h e  problem such as material  balances and processing 

y ie lds  can be considered. The processing cos t s ,  which a re  generally non- 

linear, must again be t r ea t ed  by the se lec t ion  of representat ive operating 

conditions o r  s e t t i ngs  as we have done i n  the  previous exampl-e. 
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Discussion. 

e l i n e a r  p r o g r a d n g  model discussed i n  t h e  previous sect ions 

should be a very useful. t oo l  f o r  production management and planning of 

complex processing plants .  

t o  represent a continuous nonlinear operating range should be a very 

The use of a few d i sc re t e  operating points 

usefu l  idea.  It i s  t r u e  t h a t  t he  optimum obtained i s  most probably not  

the t r u e  optimum due t o  t h i s  d i sc re t e  representation, However, the  

solut ion can be  made a r b i t r a r i l y  near t o  the  t r u e  optimum by repeatedly 

solving the  same problem wi th  d i f f e ren t  operating points.  

There a re  other  techniques t o  t r e a t  nonl inear i t ies  by l i n e a r  pro- 

gramming. One of these techniques i s  t o  use t h e  evolutionary operations 

concept which i s  known as EVOP [ 6 , 7 ] .  The technique is  e s sen t i a l ly  a search 

technique i n  which we sample over various operating ranges i n  the process 

m d  hopefully converge to an optimal operating condition. The operating 

ranges selected a re  f a i r l y  s m a l l  so  t h a t  l i n e a r  re la t ionships  can be used. 

The second technique t h a t  is  generally used f o r  nonlinear problems is  

a technique i n  which the  nonlinear equations a r e  repeatedly l inear ized  

by Taylor s e r i e s  and the  l inear ized  equations a re  then solved by l i n e a r  

programming. An elaborate computer program known as POP has been set  up 

for t h i s  technique. The idea  of t h i s  technique i s  t o  have a nonlinear 

solut ion space and imbed a l i n e a r  programming problem within it. We then 

search the possible  regions with our l i n e a r  programming model and t h i s  

is done by l i nea r i z ing  the nonlinear r e s t r a i n t s  over a small region. As 

t h e  model i s  moved froin one region t o  the  other  these r e s t r a i n t s  changed 
a 

so t h a t  t he  nonlinear r e s t r i c t i o n s  a re  represented f a i r l y  accurately. POP 

has been used i n  t he  processing industry. Generally, POP i s  more r e s t r i c t i v e  

and not very easy t o  apply i n  la rge  p rac t i ca l  problems. The d i f f i c u l t y  

pr inc ipa l ly  l i e s  i n  t he  i t e r a t i v e  process which may not converge at  a l l .  
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c t u a l  experience has shown t h a t  t h e  use of a set of typical operating 

points t o  represent a nonlinear range is much more p rac t i ca l  than the 

POP progrm. 

The main adnntage  of l i n e a r  programming is i ts  a b i l i t y  t o  handle 

extremely la rge ,  complex, l i n e a r  programs.. A problem as la rge  as thousand 

r e s t r i c t i o n s  and several  thousand variables can be solved using l i n e a r  

programming with the  current computers and computer programs t h a t  a re  available.  
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able 1. Rzw Material 

RI 2 

Quality 1, unit/l.b 220 200 

Qual i ty  2 ,  unit/lb 48 58 

Cost $/1b .31 .28 

Table 2. Operating Sei;tings 

s2 s3 

Changes i n  Quality 1, unit/lb 0 0 0 

Changes i n  Quality 2 ,  unit/lb -18 -13 -7 

loss due to processing, 
Ib/Ib feed 0.1 0.1 0.1 

Cost $/1b 0.132 0.121 0.110 

Recycle ( S z  base) l a 1  1.0 0.92 
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